Molecular dynamics simulations (MD) and the normal mode decomposition are used to determine the phonon relaxation times of acoustical and optical modes of germanium (Ge) at 1000 K and 1 atm. The relaxation times are calculated from the temporal decay of the autocorrelation function of the total energy of each normal mode in the [100] direction. Two sets of force field parameters are used to obtain the total energy of each phonon mode. We have found, under the assumption of an isotropic crystal, that the acoustic modes contribute about 90 % to the overall thermal conductivity (being the contribution of longitudinal acoustic modes 60 %), and that the behavior of the relaxation times of acoustic modes can be well represented by power functions with exponents close to 2. Both results are in agreement with previous estimations for silicon (Si) and Ge using MD and ab initio simulations, respectively. Lastly, we have found that only one parameter set is able to reproduce the experimental thermal conductivity at this temperature.
Introduction
In modern electronic devices, such as computer microprocessors, substantial gains in performance are achieved by reducing their temporal and spatial characteristic dimensions. However, as their characteristic dimensions become comparable to or smaller than the mean free path or the relaxation time of the main energy carriers, the thermal conductivity of the constituent materials decreases from their bulk values. Lower values of thermal conductivity restrict heat dissipation and affect the performance and reliability of these devices. The reduction of the characteristic dimensions also breaks the assumption of a continuum and the interactions of the energy carriers become a fundamental part in the description of the heat transport. In semiconductor materials, the sub-continuum thermal transport is described in terms of quantized lattice vibrations or phonons. Phonons are subject to complex collision-or scattering-mechanisms (e.g. phonon-phonon, phonon-impurities, phonon-boundaries and phonon-defects), which play a crucial role on describing how the heat is transported in the crystalline structure.
Thermal predictions based on the solution of the BTE for phonons under the single mode relaxation time approximation (SMRT), depend on input parameters that are difficult to estimate in advance, such as, the phonon relaxation times. Even though, different phenomenological models that are able to reproduce the thermal conductivity of different semiconductor materials by means of fitted parameters, exist [1] [2] [3] [4] [5] , their application at sub-continuum scales is not reliable [1, [6] [7] [8] [9] [10] [11] [12] . Significant differences on the magnitude and relative contribution of each mode (longitudinal and transverse acoustic) to the in-and out-of-plane thermal conductivities of Si have been found [6, 12] . In addition, the reliability of such models on predicting thermal properties of other (more exotic) semiconductors is unknown. Moreover, the complexity of the scattering mechanisms has precluded developing reliable expressions for the relaxation time of optical phonons, which are commonly ignored in such models. Optical phonons have a significant effect on the creation of hot spots in transistors during Joule heating events [13] [14] [15] [16] [17] . Obviously, the lack of reliable phonon relaxation models and expression for optical modes, limits the ability of available predictive tools to assess the performance of new transistor designs, such as, Si, Ge or III-V nanowires), which represent a promising alternative to conventional planar transistor technology.
To better understand the behavior of the phonon relaxation times and their influence over the thermal conductivity, Turney et al. [18] have recently, presented two numerical techniques for predicting phonon properties and thermal conductivity of bulk Ar. Their thermal predictions are based on the steady state solution of the Boltzmann transport equation using phonon relaxation times obtained from lattice dynamics (BTE-LD) and MD (BTE-MD). Good agreement between the predictions determined with these methods and the Green-Kubo thermal conductivity is obtained up to 50 % of the Debye temperature (i.e. θ D = 85 K for argon), being the predictions calculated with BTE-MD method more accurate [18] .
The BTE-MD method was originally proposed by Ladd et al. [19] and extended by McGaughey and Kaviany [20] , who determined the low-temperature thermal properties for an inverse twelfth-power potential and the phonon relaxation times of argon and its thermal conductivity from 20 to 80 K, respectively. Sun and Murthy [21] , Henry and Chen [22] , and Goicochea et al. [23] using a similar method, have obtained the phonon relaxation times of Si from 300 to 1000 K using the environment-dependent interatomic potential (EDIP) and SW potentials and have predicted the Si bulk thermal conductivity under an isotropic approximation. Goicochea et al. [23] found an excellent agreement with ab initio predictions by Broido et al. [24] , who estimate that the contribution of acoustic modes is approximately 95 % to the overall thermal conductivity of Si.
In this work, we use the BTE-MD method to calculate the relaxation times of phonons in Ge at 1000 K and 1 atm in the [100] direction. The relaxation times are calculated using two sets of parameters of the Stillinger-Weber (SW) potential for Ge reported in [25, 26] . From the phonon relaxation times, the thermal conductivity of the studied material is obtained and compared with a similar estimation using the Green-Kubo method. All our calculations include the impact of the anharmonic potential energy function on the thermal expansion of the crystal.
Methodology
The relaxation times are computed from the decay of the autocorrelation function of the total energy of each mode ( m T E , ) obtained from the normal mode decomposition of the motion of atoms [23] . For this, molecular dynamics simulations are performed to track the motion of atoms over a period of time. Once the relaxation times are obtained and assuming that all phonon properties are isotropic and equal to those obtained in the [100] direction, the thermal conductivity of Ge is, ) of the first Brillouin zone (BZ) and the one assumed by the isotropic approximation, Eq. 1 is further corrected as: Fig. 1 , to consider the thermal expansion of the crystal due to the anharmonic potential energy function [23, 28] , the lattice parameter ( a ) of the crystal is determined at 1000 K. The lattice parameter is obtained before the relaxation times are determined using both sets of force field parameters. In general, the thermal expansion of the crystal leads to changes on the phonon vibration frequencies, which affect all properties that depend on this quantity [23] .
Under harmonic approximation, the total energy of each phonon mode is given by [28] :
The first and second terms represent the mode potential and kinetic energy; m h,  is the harmonic frequency and
 is a normal mode of the system. The latter is obtained from the normal mode decomposition of the motion of atoms, as [28] : Table 1 presents the details of MD simulations involved in these calculations. First, the lattice parameter is obtained using an NPT ensemble (i.e. constant number of atoms, pressure and temperature -extended formulation) at 1000 K and 1 atm. The molecular domain is equilibrated for 3.0 x10 5 MD time steps and the lattice is determined during 2.0x10 6 MD steps in a molecular domain of  =4 unit cells by side (i.e. 512 atoms). Then, an NVE ensemble (i.e. constant number of atoms, volume and energy), is used to obtain the relaxation times for a molecular domain of  =10 unit cells for each side (i.e. 8000 atoms). Larger molecular domains and longer simulation runs are typically required to capture the behavior of the relaxation as a function of frequency. For this we use 17.0x10 6 MD steps. To ensure energy conservation, a time step of 0.5x10 -15 s is used in all simulations. The total simulation length is 8550 ps. Data is collected after equilibration every 8 steps. All our MD simulations were performed using LAMMPS [29] . The selected molecular domain-size warrants that no cell size artifacts are observed in our results [23, 30] . The autocorrelation functions of the five independent runs are averaged. We present our results in terms of the inverse relaxation time
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, also known as the relaxation rate [31] .
Both sets of force field parameters, named SWA and SWB, are presented in Table 2 . Despite both sets reproduce the cohesive energy [26] , the difference in the three body coefficients (  and  ) has a profound effect on the melting temperature of Ge. The melting temperatures predicted by SWA and SWB are 2900 and 1360 K, respectively [26, 32] . We consider that the SWB to be more accurate since it predicts a melting temperature similar to the experimental value of 1210 K [33] .
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Results
At 1000 K, the anharmonic nature of the force field leads to the thermal expansion of the crystal. Lattice parameters of 5.6854 ± 7.11x10 -5 and 5.6742 ± 2.09x10 -4 Å were obtained at this temperature using the SWA and SWB sets, respectively. These values compare well with the experimental lattice parameter of 5.7006 Å [34] . However, the experimental change of the lattice parameter with temperature is larger than that obtained from our MD simulations. For other semiconductor materials, such as Si, a similar behavior has been also reported [23] . The behavior might be produced due to the simplified form of the potential energy function.
Once the lattice parameter is calculated, the phonon relaxation times can be determined. Fig. 2 shows the IRT of Ge at 1000 K as a function of frequency and the corresponding fitted curves (i.e.
It can be observed that for both parameter sets, the value IRT for acoustic and optical modes increases with frequency. Our results indicate that the shapes of the IRT curves are similar to those for Si at high temperatures [23] . In particular, it is observed that longitudinal and transverse optical modes converge to the same IRT at a zero wave vector (i.e. maximum frequency in Fig. 2 ). Table 3 , the exponents of the acoustic modes are approximately equal to 2 (in agreement with theoretical predictions derived from time-dependent perturbation theory for U-processes at high temperatures [35] ), while those for the optical modes are higher (indicating that higher-order processes might be responsible for such behavior [36] ). Note however, that the exponent of the LA mode for the SWA parameter set (i.e. 1.648) is 17.6 % lower than that expected from theoretical predictions and that the relaxation time curves for the LA and TA modes cross each other at low frequencies. We believe this behavior is related to a stronger contribution of the three-body term of the SW potential, which gives the diamond structure of Ge a more rigid nature, even at high temperatures. For the SWB set, the exponents of the acoustic modes are almost equal to 2 (i.e. only 4.86 % lower). For both sets of parameters the quality of the curve fitting is adequate. Table 4 reports the thermal conductivities predicted with both parameter sets at the studied temperature using Eq. 1.
We have found that the SWA set over-predicts the thermal conductivity of Ge by a large margin as compared to the experimental value of 17.1 W/m-K at 1000 K [37] . Previous reported results have also over predicted the thermal conductivity of Ge using the same force field parameters [38] . For the SWB the agreement with the experimental thermal conductivity is good, especially considering that the BTE-MD method is based on the harmonic approximation [28] . Table 4 : Thermal conductivity of Ge at 1000 K Note that regardless of the parameter set used, acoustic modes contribute roughly 90 % to the overall thermal conductivity. Optical modes only contribute a smaller proportion, with the contribution of the TO mode being negligible. For the SWB parameter set, the relative contribution of all modes and the value of the exponents agree very well with our previous estimations for Si at the same temperature using MD [23] . Furthermore, at room temperature, the contribution of acoustic modes has been estimated (using an ab initio method) to be 92 % [24] . The additional contribution of acoustic modes could be related to the freezing of high frequency modes produced due the quantization of the energy [39] . In our case, since the Debye temperature of Ge is θ D = 395 K, no further changes in the MD results are expected due to quantum effects [39] .
As presented in Table 4 , the contributions of the LA and TA modes to the total thermal conductivity changes significantly depending of the set of parameters used. For the SWA set, we have found that the contribution of acoustic modes contradicts early results obtained by Sood and Roy [5] . In [5] , the LA phonons dominate heat transport of Ge at high temperatures, being their contribution more than 75% for T>θ D . For the SWB set, the LA mode contribution (relative to the total contribution of acoustic modes) is roughly 68 %, in a closer agreement to predictions presented in [5] .
For a real crystal, we consider that the contribution of LA modes would increase. Partially, since both set of parameters predict higher vibration frequencies than those measured experimentally, leading to higher group velocities; and because our thermal conductivity estimations are based on the assumption of an isotropic crystal. Recent analytical results for Ar [18] , indicate that the shape of spectral thermal conductivity is closely related to the density of phonon states and that the largest contribution to the thermal conductivity comes from the phonons that have approximately half the maximum frequency, which for Ge would be LA modes.
Conclusions
In this work, we have applied the BTE-MD method to estimate the relaxation times of Ge at 1000 K and 1 atm. The behavior of the phonon relaxation times obtained for Ge with the SWB parameter set agree very well with similar estimations for Si. Under the assumption of an isotropic crystal, acoustic modes in Ge contribute about 90 % of the total thermal conductivity, with the contribution of the TO mode being negligible. The agreement of our estimations with experiments and also with previous MD predictions for Si and Ge is a step forward to build reliable phonon relaxation time modes, in particular for more complex materials, such as, III-V semiconductors.
